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1. Introduction

Most of robots used in practical applications can perform stable grasps [1]. The robotic grippers are required to be all-
purpose and capable such as to perform stable grasps and manipulations with a various size range of objects, while cost
is always an issue to enable robotic grippers to be refined into products. To moderate these limitations, researchers have
proposed under-actuated robotic grippers with tendon-driven mechanisms (TDMs) which are highly effective against en-
veloping grasp but are usually limited to the specific fingertip grasp task [2]. In practical applications, the fingertip grasp is
a pivotal capability of developed grippers [3,4], since it is performed almost as frequently as an enveloping grasp [4-7]. The
performance of an under-actuated gripper significantly depends on the design rather than the control method [7-9], and it
is essential for optimization design of two-finger grippers with TDMs so that the gripper can realize stable fingertip grasps.

The grasp stability for control purposes is the tendency of the points of contact to return to their original locations
in response to a disturbance [10]. However, from the application perspective, we consider the fingertip grasp as a stable
grasp, if two fingertips could grip the object laying on a table and carry it till the object does not touch the tabletop, while
the object remains between fingertips after the gripper is moved up a certain distance. Regardless of grasp manners, the
stability of grasping objects is very important, as it indicates whether the grasp is successful or not. It is well-known that the
dimension of fingertip has influences on a fingertip grasp stability such as the curvatures of contact surfaces [11]. Therefore,
during the period of designing a well-functioning under-actuated robotic gripper, the optimization design of fingertip must

* Corresponding author.
E-mail address: dong0076@e.ntu.edu.sg (H. Dong).

https://doi.org/10.1016/j.mechmachtheory.2018.08.028
0094-114X/© 2018 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.mechmachtheory.2018.08.028
http://www.ScienceDirect.com
http://www.elsevier.com/locate/mechmachtheory
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmachtheory.2018.08.028&domain=pdf
mailto:dong0076@e.ntu.edu.sg
https://doi.org/10.1016/j.mechmachtheory.2018.08.028

448 H. Dong et al./Mechanism and Machine Theory 130 (2018) 447-462

be considered as a critical design criterion. This work tries to determine the dimension of fingertips of an under-actuated
robotic gripper with two 3-link fingers for realizing a more stable fingertip grasp and then explore the size range of objects
could be grasped steadily by fingertips under the precondition that the friction force counteracts the gravity of the object.

There are two main kinds of versatile methods describing the stability of fingertip grasp. One is that the stability of
fingertip grasp is analyzed based on potential energy. For example, Funahashi et al. [12] presented a method of optimizing
the quasi-static equilibrium equations by the equivalence of elastic system to analyze a fingertip grasping stability. Yamada
et al. [13] discussed the static stability of a planar object grasped by multi-fingers based on the grasp stiffness matrix.
A grasp stiffness matrix including the effect of contact surface geometry and contact condition on the grasp stability was
derived in [14]. Also, the same authors used the partial derivative of the matrix to analyze the effect of the grasp parameters
on the grasp stability through the eigenvalues and eigenvectors of the stiffness matrix [15]. The other is that the bound
constraints of the contact space are applied to exploring a fingertip grasp stability depending on force/form closures. Rimon
et al. developed a mobility theory including curvature effects of fingers and object for realizing a stable grasp based on the
grasp form closure [16,17]. They used the polyhedral bounds regarding contact forces, surface normal, the surface curvature
at the contacts to verify the effect of the curvature of contact surface on grasp stability according to the grasp force closure
[18].

Here we summarize the main differences between our work and the prior works. In [12], they developed the model of
coordinate transformation for an elastic system to analyse the grasp stability based on the potential energy. [13-16,18] also
used the potential energy method to discuss the grasp stability. [16,18] considers the stability of an object supported by
several frictionless contacts in a potential field. However, they did not study a specific case for a fingertip grasp with fric-
tion for practical grasp applications. Moreover, the contact force was not considered as an effective factor on grasp sta-
bility. While the model of potential energy based on the stiffness matrix are not novel, we have applied this model to
analysis a new case of a stable two-fingertip grasp with friction by an under-actuated robotic gripper and to justify the
choices made in the dimension parameters of the fingertip design, which is not studied in other works. The previous works
[12-18] mostly analysed the stability of the existing design of fingertip or an available prototype rather than exploring the
optimization design of fingertip according to the mathematical model. The focus of our work is to determine the best shape
and dimension of a fingertip for design optimization to realize a stable grasp. We also discuss the effect of the radius of the
fingertip on eigenvalues of stiffness matrix in practical applications, which is not studied in other work and this is the major
contribution in Section 3. While previous works, such as [12,14,18], have analysed the stability of a general grasp problem by
considering the curvature of both object and fingers at contact points, we focus on stability of fingertip grasp of objects laid
on a flat surface where additional geometric and rolling constraints must be satisfied to realize a stable grasp. We formulate
a mathematical model to explore the relation of the stability of a fingertip grasp and the dimension of the fingertip. The
curvature of the contact interface affects the stable characteristics, and the dimension of gripper’s fingertip affect the stable
posture of the fingertip relative to the contact points and the underlying surface, as well as the size range of objects to be
grasped steadily by fingertips.

Indeed, few works take into consideration of optimizing the design of a fingertip to realize stable fingertip grasp for an
under-acuted robotic gripper. Montana et al. introduced the rolling constraints occurring between the fingertips of arbitrary
shapes in detail [19]. Yoshida et al. utilized a mathematical and computational method to establish the model of pinching an
object with arbitrary shape by two fingers with hemispherical ends [20]. Regarding the biomechanical perspective, Wu et al.
[21] explored the contact interactions between fingertips and objects with different curvatures based on a finite element
model. The rolling contact at the fingertip was considered to model the kinematics, statics and stiffness effect of a 3D
grasp by describing the local shape of the fingertip and the object [22]. Hierarchical fingertip space was presented by Hang
et al. [23] to enable optimization for both efficient grasp synthesis, and online finger gaiting. Regarding evaluating the grasp
stability, the form closure (without force closure) cannot be adopted if a grasp is exerted by an under-actuated robotic
gripper, as it is not practical for actuating individual phalanges independently [24-27].

Compared with a gripper with two parallel links with flat surfaces such as Robotiq [28], a two-finger gripper with TDMs
cannot perform adaptive parallel grip. The limits on joints configuration of a tendon-driven gripper prevent the last joints to
be parallel and to clamp a small object with flat fingertips. When a tendon-driven gripper with multiple joints carries out a
fingertip grasp, the last joints drive fingertips to rotate continuously to touch an object to be grasped. Thus, if the surface of
fingertip is flat or the curve radius is too large, it is not possible for using two fingers to clamp a small object laying on a
desk or flat table. Employing a mathematical model to derive the dimension optimization of the fingertip depending on the
force-form view (the friction and the dimension), to a lesser extent, would reduce the subjective considerations.

This work focuses on the analysis of fingertip grasp stability for optimizing the fingertip shape of under-actuated gripper
from application perspective. Additionally, we determine the size range of objects could be grasped steadily by fingertips
based on the dimension parameters and the grasp configuration of an under-actuated robotic gripper. The outline of the
work is described below. Based on the force-form view, we discuss the grasping stability of fingertips. The potential energy
can be used to determine the optimized shape of fingertip for realizing stable fingertip grasp. The grasping configuration
of under-actuated gripper and the dimension of fingertip in the geometric constraints are applied to obtaining the sizes of
objects that are grasped steadily. Specifically, the models of contact force and fingertip contact equivalent model are first
built under the rolling constraints. Subsequently, we elaborate on the method of potential energy to quantify the grasp
stability by a series of contact definitions for obtaining the mathematical model between the dimension of the fingertip and
the grasp stability. Then, we indicate the optimization design of fingertip according to the rolling constraints for realizing a
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stable fingertip grasp. Next, we present the corresponding formulations that express the relation between the dimension of
a fingertip, the size of the object and the posture of the fingertip relative to a stable contact point in geometric constraints.
Finally, an under-actuated gripper with two 3-link fingers is designed and fabricated according to the given model, and
practical experiments are demonstrated to assess the presented model and analysis. We highlight the contributions of our
work here.

(1) We elaborate on a versatile force-form analysis approach to quantifying fingertip grasp stability by constructing a
series of mathematical models under rolling constraints.

(2) The mathematical derivations based on the model of the stable fingertip grasp under the rolling constraints provide
the theoretical evidence concerning the fingertip design approach.

(3) The geometric relations between the dimension of the fingertip, the size of objects, and the posture of the fingertip
relative to a stable contact point are expressed by mathematical formulations. The best performing fingertip shape is
indicated as well that meets geometric constraints for realizing stable grasps.

(4) The formulation could help researchers in related fields for designing fingertip or evaluating fingertip grasping per-
formances, such as a grasp stability, as well as to follow the research line and to further investigate new control
strategies.

(5) A gripper with two 3-link fingers is designed based on the given analysis and deployed for practical experiments to
demonstrate and to verify the performance.

The following contents of the paper include five sections. Section 2 concentrates on building the model of fingertip grasp
using the force-form view under rolling constraints. Section 3 presents the derivations of fingertip dimension optimization
for realizing stable fingertip grasps. The size ranges of objects grasped by fingertips steadily are determined based on the
derivational conclusion regarding a fingertip dimension in the last section, which is described in Section 4 in detail. The
fingertip grasp experiments are performed, and the corresponding discussions are provided in Section 5. Finally, conclusions
are drawn in Section 6.

2. Model construction of fingertip grasp based on the force-form view

While previous works, such as the one by Funabashi, have analyzed the stability of a general grasp problem by consid-
ering the curvature of both object and fingers at contact points, we focus on stability of fingertip grasp of objects laid on
a flat surface where rolling constraints must be satisfied to realize a stable grasp due to a contact friction generated by
the contact force. We formulate a mathematical model to explore the relation of the stability of a fingertip grasp and the
dimension of the fingertip. The curvature of the contact interface affects the stable characteristics [14], and the dimension
of gripper’s fingertip affect the stable posture of the fingertip relative to the contact points and the underlying surface, as
well as the size range of objects could be grasped steadily by fingertips. With the purpose of simplifying this problem, the
incidental factors are ignored, and then the following preconditions are made.

o The range of coefficient of friction at contact points between a fingertip (rubber) and an object rests on 0.2-1.6. In this
work, the friction coefficient between the fingertip (rubber) and an object is set to 0.5.

» The spring stiffness is not only sufficiently strong to keep the links return the initial positions overcoming the resistance
without the actuator forces but also as low as possible in order to relieve the actuated force consumption.

e The tiny motion between fingers and an object keeps a quasi-static equilibrium with small external disturbances, and
the dynamic characteristics of the fingertip grasp are left out.

» Robotic fingers and objects are assumed to be rigid bodies, and they are in frictional contact with only one point, without
slip. A fingertip grasp satisfies rolling constraints due to friction contacts.

« The fingers cannot be rotated since the stiffness of the finger is strong enough.

o The contact surface of fingers is continuous and convex.

o The robotic gripper performs a 2-D fingertip grasp.

o The boundaries of the fingertip and the grasped object are at least twice continuously differentiable and the first order
derivatives of the boundaries do not vanish anywhere.

2.1. The model of force/torque transmission for fingertip grasp

As a contact force has an important effect on the stability of fingertip grasp, we have to build the model of force trans-
mission between an actuated force and contact force. In this work, an under-actuated robotic gripper with two 3-link fingers
is regarded as an example to explore the fingertip grasp for optimizing the fingertip dimension. The force/torque transmis-
sion from the actuator to robotic fingers determines the grasping forces/torques that exert an object [29]. To obtain the re-
lation of the tendon tension force and the joint torque, we establish the kinematics of tendon-driven mechanism, as shown
in Fig. 1. Then, depending on the principle of virtual work [29], the following equation is obtained,

T=-J{F (1)
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A B

Fig. 1. A schematic of an under-actuated robotic gripper with tendon-driven mechanisms(A) and a schematic diagram of the tendon-driven mechanism of
an under-actuated finger(B). The purple circle on the right represents an actuator, and the purple dots denote the idle mandrels (B); the tendon attached
by the motor is regarded as the active tendon (1 in B)and others are considered as the passive tendons (2,3,4 in B). Ly, L;,and L represent the legnths of
the first, the second and the third link, respectively.L, indicates the width of the half palm.#n; and An; denote the i-th joint anlge and joint angle variable,
7; is the torque of the i-th joint (i = 1, 2, 3).F; denotes the fingertip contact force and it has many potential directions(the dotted arrows).

where ], is the mapping Jacobian matrix from the force dimension to the torque dimension. Since the tension force is just
considered, the negative sign is referred to the above equation. F; represents the vector of tendon tension force, which is
continuously positive since all the tendons cannot generate negative tension force. T is the joint torque vector.

The idlers are applied to compressing tendons such as to ensure that the moment arm of the joint torque is the radius
of joint. Referred to Fig. 1(B), an under-actuated finger has four tendons in the desired design, including one active tendon
and three passive ones. The mapping Jacobian matrix Jj is obtained based on the following principle. The elements of the
mapping Jacobian matrix are determined by the rotational direction of the joint axes and the tendon route. But in fact,
the primary line transformation of the mapping Jacobian matrix does not affect on the function of the mechanism. That is,
the mapping Jacobian matrix J, of elementary transformation is equivalent. Thus, the definition of direction for the joints
makes no difference to the tendon-driven mechanism. For instance, the positive direction of rotational joint is defined to be
pointing out of the paper; the mapping Jacobian matrix Jj is described as follows,

" -V 0 0
=] 0 -p» 0| (2)
s 0 0 -w

As shown in Fig. 1, the tendon tension force F; is presented by

_Etl Fa
F ki1 A
F = t2 — 1)/1 m 3
‘ ks —ky Y2 An (3)
| Fia —k3y3Ans

where F;(i=1,2,3,4) represents the tension force of each tendon and y; denotes the radius of the it" joint,i=1,2,3.
ki(i=1,2,3,4) are the stiffness of torque spring for the joint 1, 2, or 3, respectively. F, indicates the tension force of the
active tendon and An;(i = 1,2, 3) are the variations of joint angles with respect to the initial values %, Z,0 for nq, n, and
73, correspondingly. From Eq. (3), we can obtain the following equation:

T Fayi + kiy2 A
T=|0|=|Rhn+tkyiAn|. (4)
73 Fys + ksyi Ans
The transmission model between contact forces and joint torques can be calculated depending on the principle of virtual
work as follows,

1=]J'F, (3)
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Fig. 2. Fingertip friction grasp with one contact.

where J; is the mapping Jacobian matrix from the contact force space to the joint torque space for an under-actuated finger
with three links, and F; denotes the force of the ith contact point regarding the fixed palm frame of reference. M5 is the
moment arm of the torque 73. The magnitude of the applied torque 75 is presented as:

|73 = |[EM3]. (6)

Due to the low speed movement and the light quality of the fingers compared with Fg, the dynamic properties of the
gripper will not be analysed and the grasp maintains the static equilibrium [30]. Thus, combined Eqs. (4) and (6), the contact
force F3 is described by

_Rys+ksyiAns
=

As a standard mechanical part, the stiffness k; is a constant. Since the actuated force F; is far larger than the spring
tension force, the contact force can be simplified as follows,

E (7)

Rl
F=F ®)

2.2. The contact equivalent model for fingertip grasp

There exist three pre-conditions for constructing the equilibrium equations. First, the friction force can counteract the
gravity of grasped object sufficiently. In other words, when the external disturbance occurs, such stiffness generated by the
contact forces can maintain a static equilibrium state. Second, a set of arcs with different curvatures can consist of any
curve and the ends of arcs are tangent to each other. Third, with the local curve explored, it is equivalent to an arc. & and
B represent the contact arcs of the grasped object and fingertip, respectively, as shown in Fig. 2. The differential mechanism
of robotic gripper distributes torques generated by an actuator to the two fingers such that robotic fingers have compliant
characteristics within a certain range. In other words, the passive mechanism can be equivalent to an elastic mechanism in
action effects [22,31,32]. Based on these three conditions, we set up the corresponding coordinate frames to describe the
stability of fingertip grasp, as seen in Fig. 2.

The origin of the object frame of reference X, is attached to the object center of mass and its y axis is perpendicular
to the horizontal plane where the object is put. The contact curve of the grasped object is approximated by an arc with a
radius R;. The curvature center of the arc « is set as the origin of the coordinate frame ¥; of the contact point and the x; axis
of ¥; is along the normal of the contact point outwards. Similarly, an arc with the radius riF (riF > 0) at the contact surface
of fingertip can take the place of the contact curve of fingertip. Moreover, the curvature center of the arc § is regarded
as the origin of the fingertip frame of reference Zf and the direction of the xf axis is the same as that of X;. As to the
relation between X and X;, the displacement t;, including the translation p; and the rotation 6;, is essential from X to
%;, as illustrated in Fig. 2. ¢; denotes the intersection angle of the translation p; and the x; axis.

The tangential force is generated due to the frictional contact between the fingertip and the object. Thus, any infinitesi-
mal displacement for the grasped object results in a rolling contact and the fingertips can store potential energy by a com-
pliant mechanism that is replaced by the virtual linear springs for an under-actuated gripper. In terms of a linear spring, it
is characterized by a stiffness constant k; and the orientation pointing to the axis of EiF . ky; and ky; represent the stiffness
constants of virtual spring along the xf and yiF axes, respectively. Besides, the potential energy also can be decomposed
along the xf and yf axes.

We explore the relationship between the displacement at the origin of ¥y and the compression §; [12]. Due to the
external disturbance, the infinitesimal translation (x, y) and rotation ¢ occur at the origin of X. The displacement at p;,
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Fig. 3. The rolling motion of the fingertip and the grasped object under the tiny external disturbance.d,; and §,; denote the elastic compressions along
the xand y axes with respect to the contact frame of reference Xf for the finger, respectively. p; indicates the rotational angle of the fingertip and ¢;
represents the rotational angle for the grasped object.

which is the position of the origin of %;, is represented by

x)" + (Rot(¢) — )i 9
where I, is a 2 x 2 identity matrix, and Rot({) is a rotation matrix represented by
N _|cos() =sin(-)
Rot(-) = [sin(~) cos(-) |’ (10)

By transforming the displacement (x, y, ¢) in X into the displacement (x;, y;, {;) in X;, we obtain an equation as follows,

Xi X
(y,-> - Ror(—aa((y) + (Rot (¢) - Iz)Pi) an

=
Because of the equation
pi = (|pil cos (6; F 1), |pi| sin (6; F 1)) (12)
we can obtain the following equations:

X; = Xc0s 8; + y sin6; + p;(cos (¢ — ¢;) — cos ¢;);

. . . 1
yi = —xsin6; +ycos6; + p;i(sin (¢ — ¢;) + sin¢;) (13)
According to the rolling constraints, as illustrated in Fig. 3, the equations are provided as follows:
Ri+ 1 + 8 = (Ri +17) cos p; + x; (14)
8y =yi+ (Ri+17)sinp; (15)
1 pi = Ri(Gi — ;). (16)

(x;, y;) represents the infinitesimal translation ¢; indicates the rotation. Substituting Eq. (13) into Egs. (14) and (15), we can
obtain the relation equations between the elastic compression (8;, §,;) and the displacement (x, y, ¢) in the object frame of
reference. Therefore, the compression 8,; and §,; is given by

8xi =xcos0; +ysinb; + piPs + Ppo ()
with Pg; = cos(¢ — ¢;) — cos; and Pgy = (R; +1f)(cos y; — 1);
ayi = —xsin6; +y cosO; + piPey + Py (18)

with Py =sin(¢ — ¢;) +sing; and P = (R; +1f) siny;;

Ri¢
_ _ 19
P Ri + T'F ( )
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3. Determination of fingertip dimension for stable fingertip grasps
3.1. Evaluation of fingertip grasp stability under rolling constraints

According to the model of force transmission (2.1) and the contact equivalent model (2.2), we can determine the effect
of fingertip dimension on a fingertip grasp stability. The rolling motion of the fingertip and the grasped object, including the
infinitesimal translation and rotation, occurs due to the tiny external disturbance.The static equilibrium means the sum of
all contact forces is equal to zero. Meanwhile, a grasp stability is equivalent to the suitable stiffness exerted on the grasped
object, which comes from the stiffness of the tendons or active stiffness control of the fingers [32]. We focus on the stiffness
from an under-actuated robotic gripper based on the energy conservation. When the two under-actuated fingers are applied
to performing the fingertip grasp, the total potential energy of the elastic system is given by

2
1 1
U= Z {jkxi(8x,» + 80,(,‘)2 + Ekyi(ayi + aoyi)2}~ (20)
i=1

where U stored in the elastic system is the sum potential energy of two fingers. Moreover, ,,; and §,,; denote the initial
compressions at the static equilibrium state, ,; and d,; denote the elastic compressions along the xand y axes with respect
to the contact frame of reference EiF for the finger, respectively. k,; and ky; represent the stiffness constants along the
horizontal and vertical directions. fy; = k8o and f; = ky;8,; are the initial grasp forces. In term of f,;, we set the direction
that points to the interior of the fingertip is positive along the xf axis of Zf . When the gripper grasps an object, the
tangent force f,; generated by rolling constraint performs a pulling force against the object gravity. The direction opposite
to the gravity is regarded as the positive direction for f; along the yiF axis of EiF .

In fact, the potential function U is twice continuously differentiable. To simplify the calculation, we describe Eq. (20) as
the Taylor expansion of the potential function U at the equilibrium configuration in the matrix form as follows:

1
U=U(0)+ X"VU]|q + X" H|gX+..., (21)

where X = (x,y, )T is the transpose of the displacement of the grasped object. Hamiltonian operator V is expressed as
(%I—k a%,]+ %K), which [,Jand K represent the unit vectors along the orientations of x, y and ¢, or (% a%/ %)T, respec-
tively. H represents the Hessian matrix.

The grasp is stable if and only if the potential energy U achieves the minimum value locally at the equilibrium state
[12,32,33]. Specifically, the grasp is in the equilibrium configuration initially, thus, VU| ) = 0. The sufficient condition that
the potential function U is locally minimum is that Hly is a positive definite. In other words, all the eigenvalues of the ma-
trix H| o) must be positive, however direct determination of the eigenvalues is difficult due to the complexity of formulation.
The matrix H|g) can be characterized by the specific elements as follows,

K Ky Ky
H|(0) = | Kyx Kyy Ky{ : (22)
ox Koy Keg
Thus, we can obtain the elements,

2

Kyx = Z (kijjz + ky,'Siz),
i=1

2

ny = ny = Z (kxi - kyi)cisi’
i=1

2

Ky =Kex = Z (kxilini - kyilxisi)s
i1

2

Kyy = Z (kX,'Siz + kijjz),
i=1

2
Ky =K;y = Z (kxilyisi + kyilxici)’

i=1

2

2 2 Rirf
Kee=) (kxilyi + kyili™ — fui <lxi R +lrF + fyilyi |

i=1 i
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Fig. 4. (A) The example of fingertip grasp; (B) the detail of (A).L;,L,,andL; represent the legnths of the first, the second and the third link, respectively. Ly
indicates the width of the half palm.#; denotes the i-th joint anlge and t; is the torque of the i-th joint (i = 1,2, 3). ¥; denotes the coordinate frame of
the i-th contact point (i =1, 2).

and l; = pjcos¢; + Ry, L; = p;sing;, ¢; =cos6;, s;=sin;, l; and [, represent the components of the distance that is be-
tween the object frame of reference and the contact point along the x; and y; axes of X;.

In this work, we merely focus on the effect of the dimension and shape of the fingertip on the grasp performance. Thus,
the curvature of contact is the uppermost important factor such that other non-primary factors are neglected. According to
the symmetrical grasp characteristics of fingertips, the x; axis of contact points is along the x axis of the object frame of
reference X, namely, while it is without the translation along the y axis and the rotation of ¢, as depicted in Fig. 4. Then,
we have ¢; = ¢, =0, 6; =0 and 6, = 7 (Fig. 4) along the horizontal direction, which leads to I,; =0 and s; = 0. So the
following non-diagonal elements of the matrix H|y become zero

2
Kiy = Kyx =Y (ki — kyi)cisi = 0,
i=1
2
Kx{ = K;X = Z (kx,'ly,‘C,‘ - kyilx,'S,‘) =0,
i=1
Also, because of the two same fingertips, we have k,; = k,, = ky. Moreover, considering symmetric objects then Ry =
Ry =R, and p; = p; = p, as shown in Fig. 4. Finally, the other two non-diagonal elements of the matrix H|) become zero
as following,
2
K =Ky = Z (kx,-ly,»s,- + lcyilxici) =ky(pcosO+R)cosO+ ky (pcosO+R)cosm =0,
i=1
Accordingly, the matrix H|) becomes

Kix 00
Hlgy=| 0KyO |. (23)
K

Hence, the eigenvalues of the matrix Hl) are Ky, Kyy and K., respectively. The matrix H|qy is ensured to be positive
definite if and only if all the eigenvalues Ky, Kyy and K, are greater than zeros as follows (i =1 or 2):

2 2
() Kax = X (kyci® + kyisi?) = Y (kyci®) > 0;
i

i=1
2 2

(b) Kyy = Zl(kxisiz +kyici?) = .Z1(kini2) > 0;
1= 1=

F
R; r
F
Ri+ri

2
(c) K{{ = ;(kyilxiz — frilli — ) >0

According to the above assumptions, the conditions a) and b) are satisfied. Thus, the condition c) has to be discussed
further. To ensure K;, >0, the following equation can be given as
2
R,'T,F - lxi B kyilxi
Ri+rf fi
The precondition of a grasp is that there is a point contact between the finger and grasped object. As for the arc « at the
fingertip and the arc f at the grasped object, the corresponding curvatures at contact point are «; and KiF , respectively. To
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Fig. 5. The schematic combination of a circle (representing a finger’s tip) with a rectangle (representing a finger’s link) while being tangent to the edges
of the rectangle.L; and W3 represent the length and width of the finger, respectively; AL; and AW; denote the sizes of the part removed along the length
and width edges, subjecting to 0 < AL; <L3 and 0 < AW3 <Wj5 and L3 > Wi.r is the radius of the circle.

ensure a point contact, we allow the condition to conform to «; + f > 0[19,34] . Due to x; = # and k| = :—F A+
1 i 1

>0

e

is obtained. Besides, referring the assumptions above, r,.F must be bigger than zero.

1.2
Setting I,; — ky'fi =M, we have 1 > ( % + rlF)M. There exist the three following cases for getting the range of rf :
Xxi i i

aM>0 ik-

M
ii. g —
<

>
<4 Rl’ (Disconfirm)
b.M <0

%
¢ M=0 0

<

Combining a, b, and ¢, the interaction is rf > R'_e%, subjecting to & — 4 > 0 and rlF + 4 > 0 in order to realize a stable
1 1 i 1

fingertip grasp. Thus, the radius of the fingertip must satisfy the value range. After obtaining the range of rl.F , we discuss the
effect of the value of the radius riF on the eigenvalues in terms of K, as follows,

2 ) RrF 2 2 R;
K{{ = Z <kyjlxj — fxi <lx1' — Rl—li—lI‘F>> = Z kyilxi - fxilxi + fxir;] . (24)
i i

i=1 i=1

It is obvious that the larger the radius rf of the fingertip is, the larger the eigenvalue K., is. Thus, a fingertip with
the larger radius makes a grasp more stable than one with a smaller radius. However, in a practical life, as hardware and
kinematic constraints, the radius of the fingertip must be within a certain range and tend to the maximum value.

3.2. Best performing shape of a fingertip for realizing a stable fingertip grasp

From a morphological view, the outline of a human finger consists of circle and rectangle patterns. In this section, we
approximate a finger's link as a rectangle with certain thickness W3 and length L3,and the finger’s tip as a curve with a
certain radius r, and the goal is to verify the best geometric relation between the finger’s tip and finger’s link for design
purposes. Accordingly, various configurations of combining circles and a rectangle are explored, to determine the best shape
of the fingertip based on the given analysis above through taking account of the fingertip grasp stability and the radius of
fingertip.

Since a rolling constraint with frictional contact occurs during the period of a fingertip grasp, the transition point formed
by different shapes must be the tangent point. Indeed, there are two tangent fashions between a circle and a rectangle,
including a circle being tangent to the fixed length edge L; or the fixed width edge Wjs. Fig. 5(A-B) illustrate two different
configurations where fingertip’s curve is tangent to only one of the edges of the link. However, the fingertip’s curve should
be tangent to both the length and width edges of the finger’s link, as depicted in Fig. 5(C), which makes the rolling constraint
occur when a robotic gripper performs a fingertip grasp. According to the geometric condition, the radius r is given as

AW3, 0< AW3 < W3
r:{AL3, 0<ALy <Lz - (25)

Based on the conclusion drawn above, a larger radius r could result in a more stable fingertip grasp. The numerical
magnitude of the radius r tends to be maximum. Referring to Eq. (25), the maximum value of r is equal to W3 when Wj is
less than Ls.

To this end, the best fingertip shape for realizing a stable fingertip grasping must meet all geometric constraints given
above. It should have an arc with the maximum allowable radius, which is equal to the width of the finger, and the arc also
must be tangent to both of the length and width edges of finger. Fig. 6 indicate the best geometric configuration of fingertip
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Fig. 6. Best geometric configuration of fingertip, in which the radius of the tip is taken as the maximum allowable value and the curve is tangent to the
both edges of the link. All circles with varaible radius r are tangent to the length and width edges of the finger (A). The curve is tangent to the both length
and width edges of the finger, and the radius of the fingertip is equal to the maximum allowable value, which is equal to the width of the finger(B).

Fig. 7. Two opposite point grasp achieving a planar force closure for a fingertip grasp (A). The line jointing two contact points and the boundary lines of
two friction cones are coincident (B). Such line is within the boundary lines of two friction cones (C). The line L and the horizontal line are coincident(D).
N; and N, are the contact points for the contact normal force F;. C; and C, denote the two friction cones with the friction angle A. L is the line between
the contact points M; and M,.o indicates the intersection angle between the direction of the contact force F3 and the horizontal direction.Three cases of a
two-point opposite grasp. X¢ is the coordinate frame of the contact point with the x axis along the horizontal direction and the y axis along the vertical
direction.

where the radius of the curve is increased to the maximum allowable value, while the curve is still tangent to the both
edges of the link.

4. Determination of the sizes of objects under geometric constraints for stable fingertip grasps

A gripper cannot perform an enveloping grasp if the object to be grasped, is placed on a flat surface. In this case, the
gripper has to use its fingertips to pick up an object. In this work, we just consider 2D planar objects. A circular object
[7,25] and a rectangle object are considered as representative objects to explore a fingertip grasp due to the two reasons.
The surfaces of circular and rectangle objects are convex so that each fingertip just has at most one contact point. Moreover,
we refer to a circular object with just one variable (the radius R) and a rectangle object with two variables (the width
Oy and the thickness O;) as examples to simplify the geometrical model formulations and calculations. The models can
be extended to objects with other shapes depending on the corresponding geometric constraints [35]. Also, the posture of
fingertip relative to the contact point and the table surface, which is represented by the critical intersection angle ¢ between
the third link and the flat plane, could be carried out by the dimension of fingertip and the sizes of objects for realizing a
stable fingertip grasp.

To realize a static equilibrium state, the friction forces at contact points must counteract the gravity of grasped object, as
shown in Fig. 7(C). The corresponding force equilibrium equation can be provided as

G=2Eucoso, (26)

where G represents the gravity of grasped object, n denotes the friction coefficient of contact point ando indicates the
intersection angle between the direction of contact force and the horizontal direction. u = tan A, A is the friction angle with
A > 0. Substituting Eq. (8) into Eq. (26), we can get the following equation,

_ 2F;r3pu coso

G
Ms

(27)
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Fig. 8. The relation between fingertip dimensions and the sizes of circular object (A) and rectangle object (B) for a stable grasp. The dased triangle
represents the friction cone.F is the contact force.

4.1. Relation among the dimensions of fingertip, the grasp configuration and the size of circular object

A fingertip grasp with two fingers is regarded as two-point opposite grasp in a plane. For the two-point opposite grasp,
the force closure plays a crucial role in realizing a stable grasp whether the gripper is under-actuated or not. The condition
that achieves the grasp force closure is defined by [36]. Particularly, two point contacts with friction at M; and M, come
into being a 2D force-closure grasp if and only if the segment L(P;P,) points into the two friction cones strictly [36], as
illustrated in Fig. 7. Among the three grasp configurations of (B), (C) and (D) in Fig. 7, (D) is the best grasp configuration
for achieving a fingertip grasp stability. We use the grasp configuration of (D) as an example for circular objects to do the
subsequent analysis, which allows a fingertip grasp about a circular object to achieve the best grasp stability. As the two
fingertips are symmetrical, only one fingertip is applied to analyzing the fingertip grasp. Under the best force-closure form
in Fig. 7(D), the relation among the size of a circular object, the dimension of fingertip and intersection angle is given by

R=rsing (28)

with ¢ =7 —n; — 3 —n3, as shown in Fig. 9. ¢ falls in a certain range: @i, <® < @max- The maximum allowable value
©max Of the intersection angle varies relative to the size of object. The minimum allowable value ¢,,;, could approach zero
if there is no limit on joint configurations of an under-actuated gripper, and ¢mgqx could approach to 90° when the radius
of circular object to be grasped is equal to the radius of the fingertip. Under the condition of satisfying Eq. (28), the size of
circular object grasped is determined depending on the grasp configuration in Fig. 8(A) as follows,

2R =2rsing (29)

2R =2Ly —2(L3 — 1) cos ¢ + 2L cos iy + 2L, cos (1 + n2) — 2r. (30)

Indeed, Eqgs. (29) and (30) are equivalent each other.

4.2. Relation among the dimension of fingertip, the grasp configuration and the size of rectangle object

As to a fingertip grasp of rectangle object, the grasp geometric relation is given by
h=rsing, (31)

with ¢ = m — 1y — n, — 3, where h is the distance between a contact point and the horizontal line, as shown in Fig. 8(B).
Due to the geometric constraint, h is not greater than the thickness O; of the rectangle object (O; > rsin¢). We can obtain
the range of the critical intersection angle ¢ as follows,

O<gp < sin”! (O¢/1).

The maximum allowable value (@mex = sin~'(0;/r)) of the intersection angle varies with the size of grasped object chang-
ing. The minimum allowable value ¢,,;;, could be equal to zero if the hardware has no limitations. Fig. 9(B) indicates the
geometric relation between the grasp configuration and the size of the grasped rectangle object. In order to realize a stable
fingertip grasp, the dimension of rectangle object to be grasped must satisfy the inequation O >rsin¢. Finally, the width
0y, of the grasped object is expressed by the radius of the fingertip and the grasp configuration,

Ow = 2Ly —2(L3 — r)cos ¢ + 2Ly cos iy + 2L, cos (n1 + 12) — 2. (32)
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Fig. 9. The geometric relations of the grasp configurations and the sizes of a circular object(A) and a rectangle object (B). An unstable grasp case(C). The
symbol implacations are the same as that of Fig. 4. The dased triangle represents the friction cone.

A B

Fig. 10. The designed CAD model (A) and the gripper prototype (B). The dimensions of the under-actuated robotic gripper are given such as L; =

55mm, L, = 35mm, L3 = 25mm, Ly =22.5mm r =18mm.The intial angles of the first, second, and third joints are %,% and O, respectively.rs represents

the mandrel radius of the third joint, r; = 8mm. The minimal actuated force F, of the active tendon is 86 N. n denotes the friction coefficent of fingertip
surface(u = 0.5). 27 mm is regarded as the maximal moment arm M3 of the third joint torque 73(max(Ms)= ‘/rﬁ + L§),

5. Experiments and discussions

By taking account of the given stability analysis, a gripper is designed and fabricated to perform grasp experiments, as
shown in Fig. 10, which is deployed in this experiment as an example to explore the influence of the fingertip dimension
on a stable fingertip grasp for objects with different sizes. Fig. 10 also lists the parameters of the under-actuated gripper
with two 3-link fingers. Without loss of generality, we have selected a set of 30 daily objects, which are used in offices
and households, such as a pen, glass case, cell phone, USB drive, toothbrush, mouse, etc., for performing fingertip grasp
experiments.

From Eq. (27), we can get the maximal gravity of object that can be lifted, G = 25.5cos§ (max(M3) = 27mm, u = 0.5, F; =
86N, r3 = 8mm). Note that the friction coefficient n between the fingertip (rubber) and an object (aluminium) is set to 0.5.
For designing the fingertip, the r value is selected by using Eq. (28) (r = Ryjn/ Sin @in), and assuming O; (min) = R(min) =
10 mm and ¢,;;, = 35 °degree, so as to enable fingertip grasp of objects with the thickness about 1 centimeter and higher.
To realize a stable fingertip grasp, the intersection angle § between the direction of contact force and the direction of
horizontal line is close to zero, as mentioned above. The range of gravities of chosen objects, utilized in the experiments,
falls in between of 0.2N to 2N approximately (Tables 1 and 2). Thus, the friction force of gripper is strong enough against
the gravity of selected objects.

The objects are placed on a table, and then their dimensions are approximated by bounding boxes (the width and thick-
ness Oy, O¢, respectively) that enclose objects as indicated in Tables 1 and 2 [4]. We set the thickness O; as the distance
between the plane and the top of the bounding box, and the width Oy, as the length of the short side of the bounding box
when an object rests on a flat table. As for a bounding box enclosing a circular object, the width Oy is the same as the
thickness O; that is equal to the diameter of circular object.
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Table 1

The names, sizes, and intersection angles and gravities of objects used in the experiments with thicknesses less than the size of the
fingertip, O;<19mm. @measureis measured manually for each test and ¢ = sin’](Ot/r) represents the critical intersection angle which is
only applicable for small objects with O;/r < 1.The information for unsuccessful grsap experiments are depicted in Boldtype.The objects are
sorted according to the tickness O; of the objects.

Items Ballpoint pen  USB drive  Cell Phone  Sticky note  Plate Color pen Pin box  Glue Clip box  Foam
Gravity(N)  0.272 0.204 1.324 0.546 1967  0.356 0.525 0.632  0.657 0.821
O; (mm) 5.5 8 9 10 10 12 12 15 15 17
Oy (mm) 6 26 70 19 80 12 20 15 24 27
Qmeasure (°) 25 34 55 27 42 35 30 35 30 35
@ (°) 17.79 26.38 30 33.75 3375 4181 41.81 5644  56.44 70.81

Table 2

The names, sizes, and actual intersection angles and gravities of objects used in the experiments with thicknesses more than the size of the fingertip,
0>19 mm. @neasureis measured manually for each test and for these objects there is no limits on the intersection angle. The objects are sorted according
to the width of the objects 0, (mm).

Items TV controller ~ Scotch tape  Remote controller ~ Toothpaste  Light controller ~ Toy block  Tea box = Mouse  Card box  Soap
Gravity(N) 1.20 1.126 0.624 0.913 1.078 0.463 0.740 0.686 0.535 0.80
O; (mm) 25 20 22 28 28 35 55 30 30 28
O,, (mm) 10 30 32 34 35 40 40 45 50 52
Omeasure (°) 25 36 35 37 36 38 35 42 42 41
¢ () - - - - - - - - - -

Items Plug Glass box  Stapler ~ Can Hard disk ~ Milk box  Calculator ~ Biscuit box ~ Charger  Tape

Gravity(N)  0.668  0.951 1.028 1918  1.807 1.654 0.946 1.748 2.146 0.865

O; (mm) 30 32 27 30 25 45 25 30 25 20

0, (mm) 55 55 55 64 70 75 75 80 95 102

Omeasure (°) 44 45 43 52 52 64 64 69 73 75

¢ () - - - - - - - - - -

12mm 12mm

$.9 ¢

15mm

35mm

32mm ‘

Fig. 11. Samples of practical fingertip grasps of various objects with different shapes, widths and thicknesses. The numbers in white frames represent the
widths of the grasped objects.The 15th (usb)and 16th (cellphone)cases show the unsuccessful grasps and other cases illustrate the successful grasps.

40mm

———
/ 28mm 34mm L5 1
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To perform the grasp experiments, we chose objects with the smallest dimension above 5 mm (e.g. Coins, etc.) and largest
dimension shorter than 102 mm (e.g. Tapes, etc.). Practical fingertip grasp cases are illustrated in Fig. 11, which demonstrate
stable fingertip grasps for these items. In terms of the experimental results, the gripper picks up 26 objects successfully
while a ballpoint pen, cell phone, USB drive and a plate cannot be grasped with success. Here we can do the qualitative
analysis regarding the results provided in Tables 1 and 2. According to the results, given in Table 1, the objects with around
10 mm thickness and higher are successfully grasped if the object width is less than 50 mm. For a cell phone and a plate, the
width is too large in comparison with the thickness of objects. Specifically, for objects with low thickness and large width,
the critical intersection angle is small but the actual intersection angle must be large to wrap fingers around the object,
which results in an unsuccessful fingertip grasp. Concerning the under-actuated gripper with two 3-link fingers, the last
joints cannot rotate enough angles so that the connection line of contact points falls into the interior area of two friction
cones when the gripper grasps a flat object using fingertips, as shown in Fig. 9(C). For those objects with thicknesses larger
than the radius of the fingertip, there are no geometric constraints on the intersection angle to realize successful fingertip
grasp if the mechanism constraints are satisfied. As given in Table 2. the actual intersection angle for fingertip grasp is
increased proportionally to the width of the objects.

Since the intersection angle is just one variable in experiments, we pay close attention to getting this variable when
the gripper performs a fingertip grasp. For an object that cannot be picked up by the fingertips successfully, the measured
intersection angle @measure is more than the critical intersection angle (sin”!(R/r) or sin"!(O;/r) ) derived by Eq. (28) or
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Fig. 12. The stable grasp space and unstable grasp space regarding intersection angles(A). The light-colored surface is fitted to the critical intersection
angles, and the dark-colored surface is fitted via the measured intersection angles. The red and blue dots represent the critical and measured intersection
angles of objects with different dimensions. The relation between the dimension of the objects and the corresponding intersection angles for successful
fingertip grasps(B).

Eq. (31) when the fingertips touch an object. For realizing a stable grasp, the gripper must configure the suitable intersec-
tion angle ¢ for grasping an object with specific width Oy, and the thickness O;. We use discrete points to plot surfaces to
have a better presentation of these geometric relations in Fig. 12. Specifically, the blue dots represent the measured intersec-
tion angle @meqsure for each fingertip grasp. The critical intersection angles denoted by red dots are applied to distinguishing
the stable zone and the unstable zone in Fig. 12(A). The zone below the light-colored surface plotted by the critical intersec-
tion angle illustrates the region where the fingertip grasp is quasi-statically stable while the space above the light-colored
surface shows the unstable grasp region. With the change from the blue area to the red area of the light-colored surface
in Fig. 12(A), the object is increasingly difficult to be grasped steadily by the fingertips. Obviously, objects with the smaller
width and the higher thickness are easier to be grasped steadily by the fingertips, as shown in Fig. 12(B).

The intersection angle is measured by us for each test when the gripper performed fingertip grasps so that we can
compare these values with ones obtained based on the presented model. In terms of the finger configuration, the first and
second joint angle has an effect on the intersection angle together. Thus, the individual angles are not essential. Besides, the
under-actuated mechanism used for the gripper lead to the constraints of kinematic transmission and joint rotation for the
under-actuated gripper with two 3-link fingers. The gripper can configure its links depending on the existing constraints.
Specifically, the relation of the change amounts of three joint angles are given as An; < An, < Ans and the rotation ranges
of the first, second and third joints are & <ny <5, L <n, < %, and 0 < n3 < 7, respectively. Based on the sizes of objects
determined by Eq. (30) and Eq. (32), and the gripper constraints mentioned above, the stable and unstable areas for object
dimensions are illustrated in Fig. 13. If the width and the thickness of object rest on the unstable areas represented by
green areas, an object cannot be grasped steadily (Fig. 13). Otherwise, the fingertips can perform a successful fingertip
grasp. Concerning experimental results of grasping three circular objects, the dimensions of the ballpoint pen that cannot
be grasped successfully fall in the unstable area. As to objects with other shapes whose dimensions fall in an unstable zone,
they cannot be grasped steadily, such as a cell phone, USB drive, and a plate. However, the gripper performs fingertip grasps
for other 26 objects successfully, and their dimensions lie in the stable areas.

6. Conclusion

We built a versatile force-form analysis models for evaluating the grasp stability under rolling constraints, providing the
theoretical evidence with respect to the fingertip design approach. We evaluated the best fingertip shape and postures rel-
ative to the size of the objects that enable a stable grasp by means of constructing mathematical models to describe the
effect of fingertip dimension and shape on the stability of fingertip grasp. The geometric relations of the best performing
fingertip shape, the sizes of objects and fingertip postures relative to a stable contact point on a plane was indicated as well.
The formulation could help researchers in related fields for designing fingertip and/or evaluating fingertip grasping perfor-
mances, such as a grasp stability, as well as to follow the research line and to further investigate new control strategies.
We designed a gripper with two three-phalanges fingers to perform practical experiments for verifying the presented anal-
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ranges.

ysis and model. In the future work, one area we would like to explore is the criteria of the stable precision manipulation
performed by an under-actuated robotic gripper with more than two fingers in the 3-dimension domain, and then we will
refine the geometric parameters of a robotic gripper to realize more complex manipulations.

Supplementary materials

Supplementary material associated with this article can be found, in the online version, at doi:10.1016/j.mechmachtheory.

2018.08.028.

Appendix

Symbols
TDMs

Ji

F

T

F

Ei

DPi

L

(axiv (Syi)
u

(aoxiv Soyi)
(kxiv kyi)
(fxiv fyi)
\Y%

1JK

Q>>axTaox

nomenclature

tendon-driven mechanisms

the mapping Jacobian matrix from the force dimension to the torque dimension
the vector of tendon tension force

the joint torque vector

tendon tension force

the tension force of each tendon

the radius of the i joint

the mapping Jacobian matrix from the contact force space to the joint torque space
the force of the ith contact point regarding the fixed palm frame of reference
the stiffness

the origin of the object frame of reference

the origin of the fingertip frame of reference

the compression

the infinitesimal translation

the infinitesimal rotation

the displacement

a2 x 2 identity matrix

the elastic compression

the sum potential energy of two fingers stored in the elastic system

the initial compressions at the static equilibrium state

the stiffness constants along the horizontal and vertical directions

the initial grasp forces

Hamiltonian operator

the unit vectors along the orientations of x,y and ¢

Hessian matrix

the gravity of grasped object

the friction coefficient of contact point

the intersection angle between the direction of contact force and the horizontal direction
the friction angle

the intersection angle between the direction of contact force and the horizontal direction
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